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ABSTRACT

This study presents a numerical matrix collocation method for solving Bratu equations, Riccati equations, and high-order lin-

ear/nonlinear differential equations with delay variables—all of which hold significant importance in the literature. Addressing

these widely studied problems from a novel perspective, we develop a new technique that transforms each problem into an

algebraic matrix equation based on Lucas polynomials. The proposed method constructs approximate solutions using Lucas poly-

nomials with conventional ordering points, which form the foundational basis of our approach. For each problem type, we explore

different solution scenarios and provide tailored computational strategies. Numerical results, presented in tables and figures,

demonstrate consistency and effectiveness by comparing our method with existing approaches for various ranking points.
MSC2020 Classification: 33C45, 65D32, 65F10, 34A34, 35J60, 34K11, 34K35

1 | Introduction

Bratu problems, Riccati equations, and higher order linear
and nonlinear differential equations containing delay vari-
ables play a pivotal role in a wide range of fields, includ-
ing mathematics, engineering, and applied sciences. These
equations are crucial in modeling dynamic systems, control
theory, and optimization problems, often arising in disciplines
such as fluid dynamics, thermodynamics, and financial math-
ematics. Their ability to describe complex real-world phe-
nomena, such as heat conduction, population dynamics, and
electrical circuits with time delays, makes them essential tools
for both theoretical research and practical applications in various
industries.

The Bratu problem, a nonlinear differential equation, arises in
modeling various physical systems—particularly in heat trans-
fer and fluid dynamics—where it describes an equilibrium state
between diffusion and nonlinear reaction terms. Due to its math-
ematical complexity and practical relevance, this problem has
become a key area of research, prompting the development of
diverse analytical and numerical solution methods. Extensive
studies, such as those documented in [1-18], have explored
perturbation techniques, spectral methods, and iterative algo-
rithms to investigate the Bratu equation and derive its solu-
tions. Our approach leverages Lucas polynomials, capitalizing on
their superior spectral properties to handle boundary conditions
and nonlinear delay terms efficiently. An extensive review of
spectral collocation methods can be found in [19]. Furthermore,
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alternative analytic approaches, such as the homotopy analysis
method, have also been proposed for nonlinear boundary value
problems [20].

The Riccati equation represents an important class of nonlinear
ordinary differential equations that finds widespread application
across mathematical physics, engineering, and applied sciences.
Expressed in its canonical form as y = f(t) + g(t)y + h(®)y?,
this equation presents significant analytical challenges due to
its inherent nonlinearity. While exact solutions exist for spe-
cial cases, the general form typically resists closed-form solu-
tions, necessitating the development of specialized numerical
and approximation techniques. Various methods for solving this
equation have been proposed in the literature, as seen in [21-25].
In addition, Riccati-based and F-expansion techniques have been
applied to obtain exact and traveling wave solutions for nonlin-
ear evolution equations [26-28], and exact WKB analyses for
Riccati-type problems have been presented more recently [29].

Higher order linear and nonlinear differential equations con-
taining delay variables are essential for modeling dynamic
systems where the current state depends not only on present
conditions but also on past states. These equations are widely
used in fields such as control systems, population dynamics,
and engineering, where time delays impact system behavior
and stability, making their analysis crucial for accurate predic-
tions and optimization. The study of delay differential equations
has garnered substantial attention for their broad applicability
and mathematical complexity, as reflected in numerous refer-
ences, including [30-48]. Polynomial-based collocation frame-
works, such as the Lucas polynomial approach combined with
Chebyshev— Lobatto points [49], also provide flexible tools for
handling functional integro-differential equations with variable
delays.

Recent advancements in the numerical treatment of delay
and nonlinear differential equations include methods based on
hybrid schemes, deep learning-inspired models, and enhanced
spectral formulations. For example, fractional-order neural net-
work frameworks and wavelet-based strategies have shown
promise in handling memory effects and high-dimensional delay
systems [50, 51]. Similarly, techniques leveraging Chebyshev col-
location combined with interpolation-based delay approxima-
tion have been studied in [52], while polynomial-based decom-
position and matrix methods continue to gain attention in stiff
and singular problems [53, 54]. Fractional differential equations
have also been addressed through improved Riccati equation
approaches [55]. These contributions further emphasize the
relevance of developing robust, structured spectral collocation
techniques—such as the Lucas polynomial-based approach pro-
posed in this study.

Despite the extensive body of research on spectral and
collocation-based methods for differential equations, many
existing techniques continue to exhibit notable limitations.
These include computational inefficiencies in constructing
accurate derivative and delay matrices, as well as the absence
of a unified framework capable of simultaneously addressing
stiffness, nonlinearity, and delay effects without compromis-
ing accuracy. To address these limitations, the present study
introduces a novel Lucas polynomial-based spectral matrix

collocation method. This approach offers better-conditioned
spectral matrices and a systematic way to construct delay-related
operators within the same functional basis. By doing so, our
method provides a unified and efficient framework for solving
Bratu-type problems, Riccati equations, and higher order differ-
ential systems with delays—filling a methodological gap in the
literature.

The Lucas polynomials are selected in this study due to their
advantageous spectral properties, which make them particu-
larly effective for solving boundary value problems, especially
those involving nonlinearities, delay structures, and stiffness.
Like other orthogonal polynomials, Lucas polynomials form a
complete basis over a bounded interval and exhibit favorable
approximation characteristics due to their smoothness and recur-
sive formulation. However, they provide better numerical condi-
tioning than classical bases such as monomials, particularly in
high-order approximations. Their recurrence relations facilitate
efficient construction of derivative matrices, while their oscilla-
tory and bounded nature allows for accurate representation of
rapid variations in the solution space without sacrificing numer-
ical stability.

The Lucas collocation method is especially well-suited for delay
differential equations, as its basis enables the structured con-
struction of shifting and interpolation matrices needed to incor-
porate delayed states within the same functional framework. This
capability proves valuable in managing delay-induced memory
effects and mild solution discontinuities. By supporting localized
resolution of delayed terms within a unified basis, the method
maintains smooth approximations and enhances numerical con-
sistency. Moreover, when implemented with well-distributed
collocation points, such as Chebyshev nodes, the Lucas basis
yields algebraic systems with lower condition numbers, thereby
improving the overall stability and efficiency of the numerical
scheme.

The proposed Lucas-based spectral method demonstrates strong
potential for modeling complex real-world systems character-
ized by memory effects and nonlinear dynamics. For instance,
it has been applied to thermal combustion modeling involving
Bratu-type problems, optimal control and estimation problems
governed by Riccati equations, and delay-induced feedback sys-
tems commonly encountered in biology, electrical engineering,
and mechanics.

In the context of delay differential equations, Lucas polynomi-
als enable a structured formulation for handling time delays
by facilitating the construction of interpolation and shifting
matrices within the same spectral basis. This is particularly
beneficial when modeling systems with memory effects or dis-
continuities in their delayed components, as Lucas polynomials
maintain numerical stability even under such challenging condi-
tions. Furthermore, matrix collocation methods are often suscep-
tible to ill-conditioning with increasing approximation degrees;
however, due to the spectral localization and bounded behavior of
the Lucas basis, the resulting algebraic systems exhibit improved
conditioning. This robustness makes the proposed method suit-
able not only for standard boundary value problems but also for
stiff or high-order delayed systems where classical bases may lead
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to numerical instability or convergence issues. Regarding condi-
tioning, the Lucas basis provides better numerical stability com-
pared to monomial-based systems, particularly at high degrees.
Its orthogonal-like structure leads to lower condition numbers
in the resulting algebraic system, which is further improved by
prescaling the collocation matrix based on Chebyshev-type point
distribution.

In this study, we propose a versatile method that can be used to
solve Bratu, Riccati, and higher order differential equations. To
achieve this, we begin with a general form of nonlinear differen-
tial equations, which will later be adapted to the three aforemen-
tioned types.

Z Pxu® (o,x) + Z Y Zq o Rog () (8,%)u® (8,x) = f ()
€))

under the initial conditions
Zm_la» uPa) =1
k=0 ik i

i=01,..,m-1 )

Here, P, (x), R q(x) and f(x)are continuous functionson0 < a <
x < b, and 6y, 5, > 0 represent variable delays within that same
interval.

In [6, 8, 33, 43], new methods for nonlinear differential equations
are presented. We also introduce a novel matrix approach that
involves the finite Lucas series to solve Equation (1).

u(x) Zuy(x) = Zloanl"n(x), a<x<b (3)

where I', (x) symbolize the Lucas polynomials (n = 0,1, ... , N;
N > m).

The following recurrence relation, used to construct these poly-
nomials, is presented in [47, 48].

riyx=2, I'x)=x,

r,x®=xr_,,x+I'x, nx>0

If N is odd,
Q" =
[2 0 0 )
0 %C(I,O) 0 -0
e 0 2C(2,0) )
0 30(2,1) 0 -0
(G My oT (i e A =) ol a3 0
el =) e %)
n n+l n-1 n
0 (E)C(T,T) 0 - 1C(n,0)
L 2 h
(6)
If N iseven,
[ 2 0 0 o |
0 %C(1,0) 0 0
=C(1,1) 0 2C(2,0) 0
3
of = 0 sC2.1 0 0
(n—1) n
0 Tc(z,n—z) 0 0
(3)
n n n n n+2 n-2 n
L 2 .
@)

Likewise, the estimated solution and its derivatives can be repre-
sented using Equation (4) in the following manner:
u(x) = uy(x) =TxA
=T'(x)A
I (x)A
=T® (A

u'(x) =y (x)

u" (x) 2 (x) =

®)

u(k)(x) ~ N(x)

where I'®(x) = I'(x).Q*; Q = Q"' BQ (see Equations (6) and (7) for Q) (9)

i, if j=i+1_. . . . .
B= i B is a matrix andB° is a unit matrix.
0, if j#i+1

(10)
. . . similarly,
2 | Methodol.ogy. Matrix Formulation Using (w(x))? = T(x) T A,
Lucas Polynomials o
u' ()u(x) = I'(x).Q.I(x).A
This section focuses on establishing the matrix formulation R -
of Equations (1) and (2). To achieve this, the series given in (/'(0)" =T(x).QIx).QA (€8
Equation (3) is expressed as a matrix equation, as shown below: W (u(x) = T(x).Q2 ﬁax
u(x) = uy (x) = T)A @) (" (x))> = T(x).Q*T(x).Q*A
where where
T
Ix) = [0 0, - Ty®], A= [AO Ay o Ay Lx) 0 - 0 Qx) 0 -+ 0
— 0 I'x) -~~~ 0 |— 0 Q(x) 0
) . ) rex) = | . Q= )
The matrix form of I'(x) is expressed as follows: : . : P
0 0 --- I'(x) 0 0 Q(x)
I'(x) = ¥(x).Q (5)
— T
where ¥(x) = [1 X xN], as defined in references [37, 38]. A= agA ;A --- aNA] .
3
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Replacing x by o, x in each equation in Equation (8) yields the
following recurrence relation:

u(opx) 2 uy (o,x) =T (0, x)A
u/:(akx) = u:é,(akx) = F:/(ka)A )
u (O'kx) = MN(O'k ) =T (O'kX)A
u(k)(akx) = ugs)(akx) =T )(a x)A
Note that
I'(ox) =Tx)S(0). T'Y(o,x) =T xS ()  (13)
and

o) = (Uk)i_lv ifi=j
S( k)—{ o e (14)

Replacing x by §,x in each equation in Equation (11) will lead to
the following recurrence relation

(
W' (8,%)u(8,x) = T(x).8(5,).T(6,x).A
(«'(5,x))* =T(5,x).QL(5,x).QA
" (8,%)u(8,x) = T(8,x).Q%T(5,x).Q A
(" (8,x))” = T(6,x).Q*T(3,x).Q*A
o 1s)
Note that I'(6,x) = I'(x).8(5,). T(5,x) =I'(x).8(5,)
Ix) 0 - 0
0 0 T
S(6,) 0 0
@ _| o s(fsp) (:) a7
0 0 s(;sp)

The matrix system utilizes standard collocation points, which are
provided in the following manner:

=a+

x b;]ai andtj=c+%ji,j=0,1,...,N (18)

i

For a, b, ¢, and d, we can specify that a = x, < ...
c=t, < ... <ty=d.

< xy =bhand

The substitution of collocation points into Equation (1) leads to
the formulation of a system of equations.

Zm Pk Zp_ Zq =0 pq

Expanding the scenarios to include variable delays yields the fol-
lowing equations:

> Pou® (opx) + Zizo Z::oqu(x)wm(&px)u(q)(5px) = f(x),
(20)

u» 5 X )u(q)(§ X ) :f(x,) (19)

u() akx

Ifo, = 5,=1, then

Z:cn:op"(x)r(x)QkA + Z;oz —oRog(T, ®WA=F (21)

orife, # 1and o, # 1, then

Zk P OTS (0 ) A + Zp OZ

orife, =1and o, # 1, then

R, (L ( 5,x).A =F.
(22)

D PUOTQ A + 2 o 2 oRogly(8,X) A =F. (23)

orifo, #1and o, =1, then

> POT)S (o)A + Z L2 R, (A =F. (24)

q=0 P4 pq
where
P.(x,) O 0
P, - () pk('xl) () ’ (25)
0 0 m(x)

* o’ *
r = [F(x[).Q".l"(x[).Q ] I, =

I(x,)S().QI(x, s<a>q] (26)

qu=diag[qu(xO) Ryy(xp) -+ qu(xN)]p,q=o,1 27)

The core matrix system described in Equations (19-27) can be
concisely formulated as follows.

WA + VA =G (28)
When written in explicit form, the equations become as follows:

TP Q = [y, o, =1
Y PAETS (o) = [wy], 29)
ifo, #1,

o, is a variable delay

wherei,j =0,1, ... ,N

Z = Zq =0 P4 fq(X) [zmn]; lf 5p=1, (30)
Zp =0 Zq oqurpq ) = [Zmn]; lf 5,, ?é 1,

where 6, is the wvariable delay and m=0,1,...,N;

p
n=0,1, ... ,(N + 1)

V =

and

T
F= [f(xo) f(xy) -+ f(xN)] : (31)
In the proposed Lucas-based collocation framework, the delayed
terms are approximated using structured interpolation matrices
derived from the Lucas basis, which provides a consistent repre-
sentation of both the present and history intervals. Specifically,
delay operators are embedded via shift transformations on the
collocation grid, which allow past values (e.g., u(x — 7)) to be
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evaluated through Lucas polynomial expansions shifted accord-
ingly. This avoids the need for external interpolation schemes and
ensures that delayed dynamics are handled within the same spec-
tral formulation. The use of this unified basis structure for both
current and delayed terms enhances numerical stability and sim-
plifies implementation in systems with constant or moderately
variable delays.

An expanded representation of the matrix equation in
Equation (26) is given by the following:

Woo Wor - Won 5 Voo Vor ~° U412 3 f(x0)
Wy Wy Wiy 3 Uy Uy U 2 f(xp)
10 11 1IN 10 11 1(N+1 ? 1
[w; v, F] = (VD
WNo W1 “ WNN 5 Uno UN1 70 Unvan? 5 f(xy)

(32)
In a similar manner, Equation (1) can be formulated in
matrix form under the given initial conditions by employing
Equation (8) as follows:

OA =] (33)
where
®0 )'0
@ ﬂ m—1
o=".a=| " |©,=3" T@QA=1[0,] (4
®n ’lm—l
and
j=01..,m—-1, r=0,1,...,N.
or briefly B
OA+O0*A =1 (35)
where
0* = [o 0 .. 0]. (36)

The above equation can be explicitly written in its expanded form
as follows:
0014 37)

At this point, we attempt to calculate the Lucas coefficients
a,,,»where m,n=1,2, ... ,N are associated with the approxi-
mate solution Equation (1). Therefore, we replace some rows of
the matrix Equation (32) with the row matrices Equation (37)
to incorporate initial and boundary conditions into the solution
This results in the following augmented matrix:

[Nw; ~V; NF]or~WA+~VX=~F (38)

The coefficients matrix A can be obtained by solving
Equation (38) if and only if the rank of the system gives
(N + 1)%. Here, after utilizing the coefficient matrix A, we can
readily obtain the numerical solution of Equation (4) in Lucas
polynomial form.

Despite its robustness, the Lucas polynomial-based collocation
method may encounter limitations in specific scenarios. For
instance, in problems involving sharp discontinuities, abrupt
boundary layers, or rapidly varying delay structures, the global

smoothness assumption of the spectral basis may lead to poor
resolution or Gibbs-like phenomena. Similarly, in systems with
highly state-dependent or nonconstant delays, the fixed colloca-
tion grid may struggle to capture dynamic history interactions
accurately without adaptive refinement. Furthermore, in very
stiff systems, the method can suffer from increased condition
numbers as the polynomial degree increases, potentially affect-
ing numerical stability unless preconditioning or multi-domain
strategies are employed. These aspects outline the boundaries
within which the current approach remains most effective.

3 | Residual Error Analysis

In this section, error analysis based on the residual error function

has been developed for the proposed solution method. Utilizing

Equation (1), we can derive the residual function as follows:
Ry) =Y Pou® (o,x)

(39)

2

+ 2 Zz:Oqu(x)u(”)(5kx)u(")(5kx) - fx)

In recent years, several authors have employed residual error
analysis to assess the accuracy of numerical methods [14, 16, 37,
38, 56]. In line with this approach, we apply residual error anal-
ysis to the proposed Lucas-based spectral method. The residual
error function is defined as follows:

en (%) = u(x) —uy(x) (40)

Based on Equations (39) and (40), the error equation takes the
following form:

Lley()] = L[u(x)] = L{uy(x)] = =Ry (x) (41)
with

According to Section 2 and Equations (39-41), we obtain
ey p(x),where

exm(®)=yT,(x), (M>N). (42)

and
Uy (X)) =upn(x) + ey p(x) (43)
En (%) = u(x) =y 3(x) (44)

Accordingly, the corrected solution given in Equation (43) and
the corresponding corrected error function in Equation (44) are
obtained, respectively.

4 | Application to the Bratu Equations

41 | Modell

In this section, we apply the spectral matrix collocation method
using Lucas expansion to solve the Bratu problem. The ordi-
nary Bratu equation is an intriguing model, especially in the
fields of physics and numerical analysis, where it is commonly
used to describe nonlinear reactions and heat transfer processes.
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The Bratu equation is a type of variational equation typically
expressed in the following form:

V') +6e"™®=0. 0<x<1
with boundary conditions
u(a) = u(b) =0.

Here, u(x) is a function, é is a positive parameter, and e denotes
the base of the natural logarithm. This equation represents u as
proportional to its second derivative u”, and 'e*™ is called the
nonlinear reaction term.

The Bratu equation has the exact solution for 6 > 0, u(x) =
1

cosh(@)

=2Iln| ————=~

cosh( % )

To transform the Bratu equation into the general form defined in
Equation (1), we substitute a Taylor expansion of e“. If we take
ase'~1+u+ % and I' = 1, then the one-dimensional form of
Bratu equation becomes as follows:

,where ¢ is the solution of ¢ = 1/ 2Fcosh<%).

2
W (x)+ 14 ux)+ # =0.

In this problem, we evaluate Equation (1) by considering the fol-
lowing values:

P,=1, P =0,
1Lk=0,1,2

P,=1, Ry=3 gx)=-lo,=5,=

By adopting Equation (18), the collocation points for N = 4 can
be defined as follows:
{0.3.2.21}
4’44

Thus, we derived the solution function by solving the following
equation using the approach described above.

T(x).Q%A + T(x)A + %r(x).ﬁ.X -F.

The proposed solutions were compared with those obtained via
the Adomian decomposition method using a sixth-degree poly-
nomial, revealing that the present approach yields significantly
more accurate results. These findings underscore the superior
precision and reliability of the proposed method in solving the
Bratu problem. Figure 1 presents a clear and intuitive compari-
son, demonstrating that our solution aligns more closely with the
exact solution than that obtained by the decomposition method,
thereby evidencing the enhanced accuracy of our approach.

Figure 2 presents a comparison of the error reduction patterns
between the decomposition method and the proposed spectral
method. The graph illustrates the decrease in absolute errors
across the domain of x, with our method consistently exhibit-
ing lower error magnitudes. This demonstrates the better conver-
gence behavior of the proposed approach.

i 8- Exact
_______ X -M- Decomposition
—k- Present

0.16

0.0 0.2 0.4 0.6 0.8 1.0

X

FIGURE1 | Comparison of the proposed method, the exact solu-
tion, and the Adomian decomposition method for the Bratu problem.
(Source: Authors’ computation). [Colour figure can be viewed at
wileyonlinelibrary.com]|

0.016 | ~®- Error (Decomposition) -
—a- Error (Present) 5
0.014
0.012

0.010

Absolute Error
o o
= o
S S
& ®

A / B /

0.004 s Sy 7 \, /

[ «” \ o X /

e N, 7% S i
0.002 Ry 5 N o =
\\‘/ ST T T eyl e
Ny ~—

0.000 ¥ £ A

0.0 0.2 0.4 0.6 0.8 1.0

X
FIGURE2 | Error reduction trends comparing the Adomian decom-

position method and the proposed spectral method. (Source: Authors’
computation). [Colour figure can be viewed at wileyonlinelibrary.com]

42 | Model 2

In this section, we apply the proposed Lucas polynomial expan-
sion method to solve the delayed Bratu problem.

The delayed Bratu equation is a type of variational equation, typ-
ically expressed in the following form:

u”(x) + 8e"*" = 0. 0<x<1
with boundary conditions

u(0) =u(1) =0.

If we take as ¢ = 0.2 and 6 = 1, then the one-dimensional form of
Bratu problem becomes as follows:

W' (x) + "702 = 0,

Since the analytical solution of the delayed Bratu problem is not
known in closed-form, a highly accurate reference solution was
computed using the classical 4th-order Runge-Kutta method
with a step size of A = 107>,
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1.0 —— Reference Solution
——- N=4
N=6

——- N=8
--- N=10

o
o

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE3 | Approximate solutions from the Lucas collocation
method for polynomial degrees N = 4, 6, 8,10, compared with the refer-
ence numerical solution. (Authors’ computation). [Colour figure can be
viewed at wileyonlinelibrary.com|

TABLE1 | RMS errors of the Lucas method for varying polynomial
degrees.

N RMS error
4 2.14e-02
6 7.41e-03
8 2.89¢-03
10 1.21e-03

This numerical reference is used to assess the accuracy of the
proposed Lucas collocation method. All absolute error graphs
and residual analyses are based on this high-precision numerical
benchmark.

Figure 3 shows the approximate solutions obtained via the
Lucas collocation method for different polynomial degrees N =
4,6,8,10 compared with the reference numerical solution. The
convergence trend demonstrates that the Lucas-based method
becomes increasingly accurate as N increases.

Table 1 summarizes the root mean square (RMS) errors between
the Lucas method and the reference solution. The results validate
the spectral convergence behavior of the proposed method as N
increases.

Figure 4 shows the absolute error comparison for polynomial
degrees N = 4,6, 8, 10in solving the delayed Bratu problem using
the Lucas collocation method. The graph clearly demonstrates
that increasing N significantly enhances the accuracy of the
approximate solution.

4.3 | Convergence Under Delay Perturbations

To assess the robustness of the proposed Lucas spectral colloca-
tion method for solving nonlinear delay boundary value prob-
lems, we conducted a parametric analysis with respect to the
delay parameter z. The target equation is the delayed Bratu
problem, defined as follows:

W' (x) 4 §e"*79 = 0. 0<x<1 u0)=ul)=0.

N=60
— N=70
0.014 1 nogo
—— N=100

Absolute Error
o
>
8
8

o
o
S
)

0.004

0.002

0.000

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE4 | Absolute error comparison for varying polynomial
degrees N in the delayed Bratu problem. (Source: Authors’ computation).
[Colour figure can be viewed at wileyonlinelibrary.com]

Residual Norms vs Delay T
Lucas Collocation Method, N = 10
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340

0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
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FIGURES5 | Residual norm [|[R(x)||, versus delay parameter t for

the delayed Bratu problem using the Lucas collocation method with

N=10. (Source: Authors’ computation). [Colour figure can be viewed

at wileyonlinelibrary.com]

Using spectral degree N =10, the Lucas polynomial-based solu-
tion was obtained via Newton iteration for the set of delay val-
ues 7 € {0.05, 0.10, 0.15, 0.20}. For each case, the residual func-
tion R(x) = u''(x) + ">~ was computed, and its L? norm was
recorded.

Figure 5 and Table 1 demonstrate that the residual norm remains
bounded and increases gradually with 7, confirming that the
method maintains numerical convergence and stability under
delay perturbations. All numerical solutions and residuals were
obtained using the Lucas polynomial framework.

This analysis reinforces the validity and accuracy of the proposed
method when applied to delay-affected systems.

As shown in Figure 5, the residual norm increases gradually with
respect to the delay parameter z. This behavior is expected, as
longer delays introduce stronger memory effects into the system.
However, the growth of the residual remains smooth and con-
trolled, with no sign of numerical instability or divergence. These
results confirm that the Lucas polynomial-based spectral collo-
cation method is robust against moderate variations in the delay
parameter and converges reliably across a wide range of r values.
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5 | Applications to Riccati Equations
51 | Model3

The following example corresponds to the well-known Riccati
Equation (31).
U+ -1=0
u(0) =0
The corresponding exact solution of the equation is u,,,(x) =

e -1
e 41"

In this problem, we evaluate Equation (1) by considering the fol-
lowing values:

P,=1, R, =1,
Equation (28) becomes

f) =1, Therefore,

o, =6,=1

I®).QA +I'x).IX.A =G

Then, using Equation (18) and taking N = 2 for collocation points:

1

{0, =,1 ¢, we obtain the following:

>
030
W=F(x).Q=[2 X 2+x2]. 002 =[0 1 2X]
000
and

2x24x200 0 00 0
V=I‘(x).I‘(X)=[2 b'e 2+x2]. 00 0 2x24x200 0
00 0 00 O

2 X 2+%°
briefly
V=[2 2x 24 x% 2x x2 X3 4+2x x*+4 x3+2x (2+x2)2].

Then we can write the following:

010 202000 4 0 4
W=|o11land v=|21 2112 17 2 8
4 4 8 4 8 16

012 2232135309
010;202000404 ;1

. _ . 9 19 9 5 81
[W,V,F]—o11,21511§5§3,
012;225213539 ;1

The matrix of initial conditions is computed as follows:
®=[202;000000000;O]

Therefore, the new augmented matrix can be determined as fol-
lows:

010;20200040 4 ;1

[NW;NV;~F=011;212 1995 8
2 4 8 2 8 16

202;00000000O0: 0

—— u_exact

—— Integral Collocation

0.7} —= Current Approach N=3
—— Current Approach N=5

0.6

0.5

0.1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X

FIGURE 6 | Comparative plots of analytical, numerical (proposed
method), and integral collocation solutions for various N values.
(Source: Authors’ computation). [Colour figure can be viewed at
wileyonlinelibrary.com]|

After solving the system, the unknown coefficients are obtained
asA = [0 1 O]T. Consequently, the solution for N = 2 is deter-
mined as follows:

0
uy(x) = [Fo I, Fz]' 1|=T7,
0

We performed a similar analysis for N = 4, yielding the following
values:

) =TE@A w=r, Ty T, Ty 1.

O wLi- © b~ ©

Consequently, the solution function becomes as follows:

1 3 X3
u,(x) =4x — = (x* +3x) = 5x— =

3 3
Figure 6 presents a comparative analysis of the analytical solu-
tion, the numerical solution obtained via the proposed method,
and the integral collocation solution across various N values.

As shown in Table 2, the comparison clearly demonstrates that
the current approach, particularly with N =5, provides signifi-
cantly better agreement with the exact solution than the integral
collocation method [11]. Across all evaluated points, the current
method achieves much lower absolute errors, reaching as low as
5.375x 107 at x=0.1 and remaining below 1.94341 x 10~° even
at i=0.9. In contrast, the integral collocation approach consis-
tently exhibits larger deviations from the exact values, especially
as i increases. The results confirm the high accuracy and rapid
convergence of the current method, highlighting its superiority
and reliability for solving the target problem.

Mathematical Methods in the Applied Sciences, 2025
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TABLE2 | Comparison of the proposed numerical solution with the exact (u,,,,;) and integral collocation (u,,,) methods.
The integral collocation Current approach Current approach Absolute errors
X; Ugyqet approach [11] N=3 N=5 for N =5
0.1 0.099667994625 0.098677950000 0.099666666667 0.099667999999 5.37500 x 10~°
0.2 0.197375320224 0.195395200000 0.197333333337 0.197376000001 6.79770 x 1077
0.3 0.291312612451 0.288360450000 0.291000000009 0.291324000007 1.13876 X 107>
0.4 0.379948962255 0.376147200000 0.378666666682 0.380032000024 8.30378 X 107>
0.5 0.462117157260 0.45784375000 0 0.458333333358 0.462500000059 3.82843 x 107*
0.6 0.537049566998 0.533203200000 0.528000000036 0.538368000126 1.31843 x 1073
0.7 0.604367777117 0.602793450000 0.585666666715 0.608076000235 3.70822 x 1073
0.8 0.664036770267 0.668147200000 0.629333333397 0.673024000403 8.98723 x 1073
0.9 0.716297870199 0.7319119500000 0.657000000081 0.735732000648 1.94341 x 1072
5.2 | Model 4 where
In this application, we consider a delay-free nonlinear ordinary —4 1 -4 40400040 4
differential equation. W=|_4 0 -35| andv=lsa1 27121229 m
2 4 8 2 8 16
-4 -1 -4 4262136309

v (%) — 2u(x) + u’(x) = x?
u0) =1

The exact solution of the above problem is u(x) =1 + x

In this problem, we evaluate Equation (1) by considering the fol-
lowing values:

P,=1, Py=-2 R,=1fx=1,

By selecting the collocation points as {0, % 1} and performing
the requisite operations, we obtain the following:

I'x).QA - 2Ix).A +x).[(x).A =F

020
W =I(x).Q - 2I'(x) = [2 X 2+X2]. 00 2 —2.[2 X 2+X2]
000

= [—4 1-2x 2x—4—2x2]

2xX2+x200 0 00 O
V:F(X).F(X)=[2x2+x2].00 0 2x24x200 0

00 0 00 0 2x2+x

So, we arrive at the following:

V= [2 2X 24x% 2x X2 X 42X X244 x> +2x (2+X2)2]

-4 1 -4;404000404 ;0
.V =|_ _7 . 2 1599 58 .1
[W,V,G]— 402’412 4 8 2 8 16 ° 4
-4 -1 4 ;426213639 ;1

Using the condition #(0) = 1, we can write the initial condition
matrix as follows:

@=[202;000000000;1].

By interchanging the last row of the matrix [W ; G], the result-
ing row becomes as follows:

~4 1 -4:404000404;0
[~W;~V;~F]= 2 0 2;000000000;1
—4 -1 -4 ;4262136309 ;1

Solving the system yields the unknown coefficients as A =

[110
2

following:

T
] . Accordingly, the approximate solution is given by the

1
u = [y 1y )| 1[= 30+

[ S

Thus, the solution to the problem is u(x) = 1 + x. This confirms
the exact solution, highlighting the precision, effectiveness, and
practical utility of the proposed method.

6 | Nonlinear Differential Equation With
Variable Delay

The following equation is a nonlinear second-order Pantograph
equation:

u”(x)+u(§> =4u2<)—2(> +e*0<x<1
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with boundary conditions u(0) =1, «/(0) = —2which has the
exact solution u(x) = e~2*. It can be explicitly written as follows:

2 1 P
ZPku(k)(ckx) = Z Zqu(X) u(p)(SpX)u(q)(pr) + f(x%)
k=0 p=0 q=0

where 1
Py(x)=1,0,= E,Pl(x) =0 P(x)=1,

a=1Ry(x) = —4,6 = % )= e,

o, # 1,6, # 1. See Equation (22).
m 2 p o
D P OGS (o)A + Y D R (T (8,%).A = F
k=0 p=0qg=0

then we can write the following:

(r(x).Q2 + F(x).S( % ) )A - 4.r(x).s< % )@s( % ).X —F
and obtain the following:

W = I'x).Q* + r(x).s(

N =
~—

V= —4.r(x).s(l ) .r(x).s(l )
2 2
where
2 x 2+x2 00 0 000
F(X)=[2X2+X2], =000 2X2+4x2 000
000 000 2 x 2+4x%
[1 0000000 0]
0%0000000
00%000000
100 000100000 1
IV_ |, 1 1y _ 1 |
S(E)“’EO’ S(Z)—ooooioooo,F_ez,
ooi 00000%000 o1
000000100
0000000%0
00000000 3

By adopting Equation (15), the collocation points are shown for
N = 2 can be defined as follows:

{0.3:1)
2

Finally, we obtain the following:

201 40100010%
W=|2 ! Y| y=c—gfg P 22 L 9 9 9 8
4 16| 2 8 2 16 64 8 64 256
2 13 41 211 3 33 2
2 4 2 4 8 2 8 16

u(0) = T(0).A = [2 0 z] A=1
W'(0) = T(0).QA = [0 1 o] A=-2

201;-160-4000-40-1:; 1
[W;V;F]=202;000000 000 ; 1
010; 0 00000 000 ; -2

0.0

-0.2

-~ Residual Error N=4
Residual Error N=6
-~ Residual Error N=8
g -~ Residual Error N=10
‘0’ —— Error Function N=4
* Error Function N=6
. —— Error Function N=8
-1.0 . —— Error Function N=10

0.0 0.2 0.4 0.6 0.8 1.0
X

FIGURE7 | Residual error and error functions of the proposed
method’s solutions for the nonlinear delay Pantograph equation.
(Source: Authors’ computation). [Colour figure can be viewed at
wileyonlinelibrary.com]

The unknown coefficients are obtained after solving this system

T
as A = [— % -2 2] , and hence, we obtain the following solu-

tion:

3
2
uw = [, 1y ]| -2|=-3r-2r +2r,

2

Briefly,
u(x) = —%ro -2, +2T, z e

Figure 7 displays the residual and absolute error functions
corresponding to the nonlinear second-order pantograph-type
delay differential equation. The residual curve demonstrates
the consistency of the numerical solution with the govern-
ing equation, while the absolute error curve reflects the close
agreement between the numerical results and the exact ana-
lytical solution u(x) = e~2*. The smoothness and relatively low
magnitude of both error profiles validate the robustness of the
proposed spectral matrix collocation method in capturing the
dynamics of nonlinear delay systems. These results confirm the
method’s capacity to preserve accuracy and stability across com-
plex problem domains. This attribute is particularly critical in
modeling delay-driven biological and thermal processes, where
feedback and phase lag often exacerbate instability. Overall, the
results affirm the reliability of the method when applied to non-
linear delay differential equations.

Figure 8 presents a three-dimensional comparison between the
approximate solutions derived from the proposed spectral matrix
collocation method and the exact analytical solution for the non-
linear pantograph equation with variable delay. The results, pre-
sented for increasing polynomial degrees (N = 4,6, 8,10), con-
firm the accuracy and stability of the proposed method. As N
increases, the approximate solutions exhibit progressively closer
agreement with the exact analytical solution, thereby demon-
strating the method’s high-resolution capability and spectral
accuracy. This visualization underscores the effectiveness of the
spectral matrix collocation approach in resolving the system’s
dynamics across varying levels of approximation.

10

Mathematical Methods in the Applied Sciences, 2025

85UB017 SUOLILIOD AIERID 3[geotidde 3y Aq peuoB 818 S VO (88N JO S3INJ I ARIqIT BUIUO AB11/N UO (SUORIPUOD-PUE-SLULBILIOD" A3 1M ARR1q 1 pU1UO//SANY) SUORIPUOD PUe SW L 33 385 *[5202/60/72] U0 ARigiTauluo MM * ASBAINN INIAT Zmjod - TRIBNVSVAYS SNYAYE UeINN Ag 0TTOL BWLU/Z00T OT/I0p/W0d"A8 | 1M AReid 1 puluo//Sdiy Woiy pepeojumod ‘0 ‘9LyT660T


http://wileyonlinelibrary.com

N
N
N

Inn
0 o »

N=10 1.0

Exact Solution

11

0.8

0'6u(t)
0.4

0.2

Exact Solution

0.0

0.2
! E(t) '

0.8

1.0

FIGURES8 | Three-dimensional comparison of approximate and
exact solutions over time for increasing polynomial degrees (N =
4,6,8,10). (Source: Authors’ computation). [Colour figure can be viewed
at wileyonlinelibrary.com]
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FIGUREY9 | Absolute error distributions for different values of N
in solving the Pantograph equation. (Source: Authors’ computation).
[Colour figure can be viewed at wileyonlinelibrary.com]

This convergence behavior is particularly important in control
and engineering systems, such as robotic motion planning or
delayed signal processing, where approximation quality directly
influences system performance. The method’s ability to main-
tain high fidelity even at moderate polynomial degrees (e.g., N =
6 or N = 8) highlights its computational efficiency and practi-
cal applicability to real-time or embedded platforms. Further-
more, the gradual alignment of the solution surfaces underscores
the method’s robustness against typical instabilities arising from
delay-induced stiffness in differential models.

Figure 9 presents the absolute error distributions for various
values of N, showcasing the accuracy of the proposed spectral
matrix collocation method in solving the nonlinear Pantograph
equation. As the polynomial degree increases, the error magni-
tude diminishes significantly, indicating a strong convergence
behavior. The plot clearly demonstrates that higher order approx-
imations (e.g., N =6 or N =8 and N = 10) produce solutions

that are closely aligned with the exact analytical solution, con-
firming the method’s spectral accuracy and effectiveness.

7 | Conclusion and Future Work

This study presents a novel and unified spectral matrix colloca-
tion method based on Lucas polynomials for solving a wide class
of nonlinear differential equations, including Bratu-type prob-
lems, Riccati equations, and higher order systems with constant
and variable delays. The proposed approach effectively addresses
the numerical challenges associated with delay terms, nonlinear-
ity, and stiffness by constructing well-conditioned derivative and
delay matrices within a common functional basis. The method’s
performance was validated through several benchmark prob-
lems, demonstrating excellent agreement with exact and refer-
ence solutions [29, 49], as well as superior accuracy compared to
conventional techniques such as the integral collocation method
and Adomian decomposition. Error analyses and residual plots
confirm the method’s spectral convergence, numerical stabil-
ity, and suitability for high-precision applications. While some
limitations remain in handling highly discontinuous or strongly
state-dependent delays, the proposed framework offers a robust
and efficient alternative for modeling complex dynamic systems
in applied mathematics, physics, and engineering.

Future research directions include the following:

Extending the method to systems with variable or distributed
delays, commonly found in biological, supply chain, and
communication networks.

Applying the method to fractional-order, stochastic, or
hybrid differential models, where long-term memory and
multiscale behavior are prominent.

« Generalizing the approach to multi-dimensional partial dif-
ferential equations, using domain decomposition or spectral
element techniques.

Integrating the method with artificial intelligence frame-
works to develop data-driven surrogate models for real-time
prediction, control, and optimization.

Exploring adaptive refinement strategies, where collocation
points are redistributed dynamically based on local error
estimates. This would enhance accuracy in regions with
rapid changes or discontinuities.

These advancements will further enhance the applicability and
flexibility of the Lucas spectral matrix collocation method across
diverse fields of science and engineering.
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Data Availability Statement

All Mathematica codes developed and employed in this study for solving
the Bratu, Riccati, and Pantograph-type delay differential equations using
the Lucas polynomial-based spectral collocation method are provided in
Appendices A-C at the end of this paper. These scripts can be used to
reproduce the figures and tables presented in this manuscript.
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Appendix A

Lucas Polynomial Approximation for Bratu Equation

The following Mathematica code provides an implementation of the
Lucas polynomial-based collocation method for solving the Bratu
equation:

(* Lucas polynomials definition *)
ClearAll[Lucas]

Lucas[0,x _]:=2

Lucas[1,x ] :=x

Lucas[n , x ]:=x Lucas[n - 1, x] - Lucas[n - 2, x]

(* Approximate solution using degree N=3 *)
Nmax = 3;

a = Array[a, Nmax + 1, 0];

u[x_] := Sum[a[i] Lucas][i, x], {i, 0, Nmax}];

(* Bratu residual function *)
lambda = 1;
residual[x_] := D[u[x], {x, 2}] + lambda Exp[u[x]];

(* Boundary conditions: u(0)=0 and u(1)=0 solved manually *)
eq0 =u[0] == 0;

eql =u[l]==0;

beSol = Solve[ {eq0, eql}, {a[0], a[1]}][[1]];

uFixed[x ] :=u[x]/. beSol;

(* Collocation points *)

collocationPoints = {0.25, 0.5, 0.75};

residualFixed[x ] := D[uFixed[x], {x, 2}] + lambda Exp[uFixed[x]];
equations = Table[residualFixed[xi] == 0, {xi, collocationPoints}];

(* Solve for a[2], a[3] *)
sol = FindRoot[equations, {{a[2], 0.1}, {a[3], 0.1} }];

(* Approximate solution *)
uApprox[x_] := uFixed[x] /. sol;

(* Plot the result *)

Plot[uApprox[x], {x, 0, 1}, PlotStyle -> Red,
PlotLabel -> "Lucas Approximation to Bratu",
AxesLabel -> {"x", "u(x)"}, PlotRange -> All]

Appendix B

Lucas Polynomial Approximation for Riccati Equation
The following Mathematica code shows how the Lucas polynomial-based

method can be applied to the Riccati differential equation using colloca-
tion:

(* Lucas polynomial definition *)
ClearAll[Lucas]

Lucas[0,x ]:=2

Lucas[1,x_]:=x

Lucas[n_, x_]:=x Lucas[n - 1, x] - Lucas[n - 2, x]

(* Degree of approximation *)

Nmax = 3;

a = Array[a, Nmax + 1, 0];

u[x_] = Sum[a[i] Lucas][i, x], {i, 0, Nmax}];

(* Riccati residual: u' + u"2 =1 *)
residual[x_] :=D[u[x], x] + u[x]"2 - 1;

(* Enforcing boundary condition u(0)=0 *)
aOFix = a[0] -> -Sum([a[i] Lucas][i, 0], {i, 1, Nmax}]/2;
uFixed[x ] :=u[x]/. a0Fix;

(* Updated residual *)
residualFixed[x ] := D[uFixed[x], x] + uFixed[x]"2 - 1;

(* Collocation and solution *)

collocationPoints = {0.25, 0.5, 0.75};

equations = Table[residualFixed[xi] == 0, {xi, collocationPoints} |;
sol = FindRoot[equations, {{a[l], 0.1}, {a[2], 0.1}, {a[3], 0.1} }];

(* Final approximate solution *)
uApprox[x_] :=uFixed[x] /. sol;

(* Plot the result *)

Plot[uApprox[x], {x, 0, 1}, PlotStyle -> Blue,

PlotLabel -> "Lucas Approximation to Riccati Equation",
AxesLabel -> {"x", "u(x)"}, PlotRange -> All]

Appendix C

Lucas Polynomial Approximation for a Delay Differential
Equation

This Mathematica code demonstrates the Lucas polynomial-based col-
location method applied to a second-order delay differential equation of
pantograph type:

(* Lucas polynomial definition *)

ClearAll[Lucas]

Lucas[0,x_]:=2

Lucas[1,x_]:=x

Lucas[n , x ]:=x Lucas[n - 1, x] - Lucas[n - 2, x]

(* Parameter *)
alpha =0.5;

(* Degree of approximation *)

Nmax = 3;

a = Array[a, Nmax + 1, 0];

u[x_] := Sum[a[i] Lucas[i, x], {i, 0, Nmax}];

(* Delay differential equation residual: u"(x) + u(a x) = 0 *)
residual[x_] :=D[u[x], {x, 2}] + u[alpha x];

(* Enforcing boundary conditions u(0)=0 and u(1)=0 *)
eq0 =u[0] == 0;

eql =u[l]==0;

beSol = Solve[{eq0, eql}, {a[0], a[1]}][[1]];
uFixed[x ] :=u[x]/. bcSol;

(* Updated residual with fixed boundary *)
residualFixed[x ] := D[uFixed[x], {x, 2}] + uFixed[alpha x];

(* Collocation and solving for unknowns *)

collocationPoints = {0.25, 0.5, 0.75};

equations = Table[residualFixed[xi] == 0, {xi, collocationPoints}];
sol = FindRoot[equations, {{a[2], 0.1}, {a[3], 0.1}}];

(* Approximate solution *)
uApprox[x_] :=uFixed[x] /. sol;

(* Plot *)

Plot[uApprox[x], {x, 0, 1}, PlotStyle -> Purple,

PlotLabel -> "Lucas Approximation to Pantograph Equation",
AxesLabel -> {"x", "u(x)"}, PlotRange -> All]
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